
Introduction to stable homotopy theory
Exercise sheet no 5

1. i. Let M be a commutative monoid. Let F(M) be (M × M)/∼, where (a, b) ∼ (a′, b′) if there
exists a c ∈ M such tht a + b′ + c = a′ + b + c, with addition defined component-wise. Prove
that F(M) is an abelian group, and that the construction can be extended to a functor F :
CMon→ Ab which is a left adjoint to the forgetful functor U.

ii. Let i : M → UF(M) be the unit map. Prove that i(m) = i(m′) if and only if there exists a
c ∈ M such that m + c = m′ + c.

iii. Prove that i is injective if and only if M is cancellative, i.e. a + b = a′ + b implies a = a′, for all
a, a′, b ∈ M. In this case the c in the definition of F(M) and in the previous part can be taken
to be 0.

iv. Let F′(M) be the abelian group defined as the quotient of the free abelian group LU(M)

on the set U(M), quotiented by the subgroup generated by the elements a ⊕ a′ − (a + a′)
where + is the sum in M and ⊕ is the sum in LU(M). Prove that F′ is also a left adjoint to
U : Ab→ CMon, and therefore F ∼= F′.

2. Let X be a pointed compact space. Prove that E(X) ∼= K̃(X).1

3. Let X be a finite-dimensional pointed CW-complex and F be a spectrum. The skeletal filtration
on X begets a right half-plane spectral sequence with 1-st page Ep,q

1 = Fp+q(Xp/Xp−1) and the
differentials are the ones computing reduced cellular cohomology with coefficients in Fq(S0), so
that Ep,q

2
∼= H̃p(X; Fq(S0)) (ordinary cohomology). It converges to Fp+q(X):

Ep,q
2 = H̃p(X; Fq(S0))⇒ Fp+q(X).

See [Hat04, Page 537], [Sel97, 13.1.6], [Ada74, III.7], [Boa99] for details on this Atiyah–Hirzebruch
spectral sequence. Use it to compute:

i. KU∗(CPn). More generally, compute KU∗(X) where X is a finite CW-complex with no odd-
degree cohomology.

ii. KU∗(Σg) where Σg is the real compact orientable surface of genus g.

4. Let C be a category and W be a class of morphisms in C. Suppose f : X → Y, g : Y → Z and

g ◦ f : X → Z are in W. Prove that the zig-zag Z
g←− Y

f←− X is equivalent to Z
g◦ f←−− X under the

equivalence relation of zig-zags in C[W−1].

5. Let F : C → A be a functor. Let W be the class of weak equivalences given by the arrows in C

which are mapped to an isomorphism via F. Prove that C[W−1] satisfies the following closure
properties, so in particular Sp[stable eq.−1] satisfies them:

i. The 2-out-of-3 property: If X
f−→ Y

g−→ Z, then if two of f , g, or g ◦ f is a weak equivalence, so
is the third one.

ii. W is a wide subcategory: it is closed under composition and contains all objects and identities
of C.

1Recall that E(X) denotes the abelian group of stable equivalence classes of complex vector bundles over X.
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iii. Closure under retracts: Given the following commutative diagram, if f is a weak equivalence,
then so is a.

A X A

A′ X′ A′

i r

id

i′ r′
a f a

id

6. i. Recall that homotopy groups of spaces commute with arbitrary products.
ii. Let X, Y be spectra and k ∈ Z. Prove that πk(X × Y) ∼= πk(X) × πk(Y) naturally; more

generally, πk preserves finite products.
iii. Prove that the arbitrary product of Ω-spectra is an Ω-spectrum, and deduce that homotopy

groups of Ω-spectra commute with infinite products.
iv. Prove that homotopy groups of spectra may not commute with infinite products. (Hint: con-

sider the spectra S≤i, which have Sn in the levels n up to i, after which they have ∗.)
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